This paper deals with the existence of positive doubly periodic solutions for the nonlinear telegraph equation with delays Lu = f (t, x, u(t -
Introduction and main results
In this paper we are concerned with the existence of solutions for the nonlinear telegraph equation with time delays Lu = f t, x, u(t -τ  , x), . . . , u(t -τ n , x) , (t, x) ∈ R  (.) with doubly periodic boundary condition u(t + π, x) = u(t, x + π) = u(t, x), (t, x) ∈ R  , (  .  )
where
is a linear telegraph operator acting on function u : R  → R, c >  is a constant, a ∈ C(R  , (, ∞)) is π -periodic in t and x, f ∈ C(R  × [, ∞) n , [, ∞)) is π -periodic in t and x, and τ  , . . . , τ n ∈ [, ∞) are constants.
As is well known, the telegraph equation describes a great deal of physical systems. For instance, the propagation of electromagnetic waves in an electrically conducting medium, the motion of a string or membrane with external damping, the motion of a viscoelastic fluid under the Maxwell body theory, the damped wave equation in a thermally conducting medium, etc. (see [, ] ). In these models, the existence of time periodic solutions is an important problem which has attracted many authors' attention and concern, see [-] and the references therein. All of these works are on the telegraph equations without time delays. It has been widely argued and accepted [, ] that for various reasons, time delay should be taken into consideration in modeling. Obviously, the telegraph equation with time delay has more actual significance. For instance, in the control propagation of electromagnetic wave signals, the signal intensity u(t, x) is subjected to a telegraph equation with time delay, in which the time delay expresses that the control act has delays. The purpose of this paper is to discuss existence of positive doubly periodic solutions for the nonlinear telegraph equation (.) with time delays.
Let T  be the torus defined by
Doubly π -periodic functions will be identified to functions defined on T  . We use the following notations:
to denote the spaces of doubly periodic functions with the indicated degree of regularity.
We define a doubly periodic solution of Equation (.) as a function u ∈ L  (T  ) that satisfies Equation (.) in the distribution sense, that is,
We assume the following conditions throughout this paper:
and introduce the notations
. Our main results are as follows. 
(F) there exist positive constants c  , . . . , c n satisfying c  + · · · + c n < a and H >  such that
then Equation (.) has at least one positive doubly periodic solution in C(T  ).
In Theorem ., conditions (F) and (F) allow the nonlinearity f (t, x, η  , . . . , η n ) to be superlinear growth on η  , . . . , η n . For instance,
In Theorem ., conditions (F) and (F) allow the nonlinearity f (t, x, η  , . . . , η n ) to be sublinear growth on η  , . . . , η n . For instance,
Conditions (F) and (F) in Theorem . and conditions (F) and (F) in Theorem . are optimal for the existence of positive double periodic solutions of Equation (.). This fact can been shown from the telegraph equation with linear time delays
where c  , . . . , c n are positive constants, h ∈ C(T  , (, ∞)) is a positive doubly periodic function. If c  , . . . , c n satisfy
Equation (.) has no positive doubly π -periodic solutions. In fact, if Equation (.) has a positive doubly π -periodic solution u, by definition (.) of doubly periodic solution, choosing φ ≡  and using the periodicity of u(t, x), noticing that
we can obtain that T  h(t, x) dt dx = , which contradicts the positivity of h(t, x). Hence, Equation (.) has no positive doubly periodic solution. For The proofs of Theorems . and . are based on the fixed point index theory in cones, which will be given in Section . Some preliminaries to discuss Equation (.) are presented in Section .
Preliminaries
Let c >  be a constant and a ∈ C(T  ) satisfy (H). We consider the doubly periodic problem of the linear telegraph equation
For the special case where a(t, x) ≡ c  
, namely for the doubly periodic problem of the linear telegraph equation
the existence-uniqueness and regularity of solution have been discussed by Ortega and
proved that Equation (.) has a unique solution u ∈ C(T  ) which can be represented by the convolution product
See Equation (.) in [] . The expression of the Green function G(t, s) is given as follows.
where C is the family of lines 
See Lemma . in [] . From (.), we have
For Equation (.), in [] the present author using the above result and a perturbation method of positive operator has built the following existence-uniqueness and positive estimate result.
operator with the following properties:
is a completely continuous operator.
Let E denote the Banach space C(T  ). We simply denote the norm in E by · , and in
Notice that E is an ordered Banach space with cone
We define a mapping A :
By Lemma . and assumption (H), A : K  → E is completely continuous, and the doubly periodic solution of Equation (.) is equivalent to the fixed point of A. We will find the non-zero fixed point of A by the fixed point index theory in cones. For this we choose a sub-cone of K  by
is a positive constant as in [] .
Lemma . A(K  ) ⊂ K , and A : K → K is completely continuous.
Proof
h ∈ E and Au = Ph. From the latter inequality of (.) it follows that
Using this and the former inequality of (.), we have
This means that Au ∈ K . Thus A(K  ) ⊂ K . The complete continuity of A : K → K is obvious.
By Lemma ., the positive doubly periodic solution of Equation (.) is equivalent to the nontrivial fixed point of A. We will find the nontrivial fixed point of A by using the fixed point index theory in cone K .
We recall some concepts and conclusions on the fixed point index in [, ]. Let E be a Banach space and K ⊂ E be a closed convex cone in E. In the next section, we will use Lemma . and Lemma . to prove Theorem . and Theorem ..
Proofs of main results
Proof of Theorem . Choose the working space E = C(T  ). Let K ⊂ C(T  ) be the closed convex cone in C(T  ) defined by (.) and A : K → K be the completely continuous operator defined by (.). Then the positive doubly periodic solution of Equation (.) is equivalent to the nontrivial fixed point of A. Let  < r < R < +∞ and set
We show that the operator A has a fixed point in K ∩ (  \  ) when r is small enough and R large enough.
Let r ∈ (, δ), where δ is the positive constant in condition (F). We prove that A satisfies the condition of Lemma . in K ∩ ∂  , namely λAu = u for every u ∈ K ∩ ∂  and  < λ ≤ . In fact, if there exist (t, x, u  (t -τ  , x), . . . , u  (t -τ n , x) )), by Lemma . and the definition of P, u  ∈ C(T  )
satisfies the differential equation
By definition of the solution in the distribution sense, Equation (.) means that u  satisfies
, we obtain that
Since u  ∈ K ∩ ∂  , by the definitions of K and  , we have
Hence from condition (F) it follows that
for every t, x ∈ R. By this inequality and (.), using the periodicity of u  and (.), we have
Consequently, we obtain that On the other hand, choose R > max{H/σ , δ}, where H is the positive constant in condition (F), and let e(t, x) ≡ . Clearly, e ∈ K \ {θ }. We show that A satisfies the condition of Lemma . in K ∩ ∂  , namely u -Au = μe for every u ∈ K ∩ ∂  and μ ≥ . In fact, if there exist
In the definition of the solution of Equation (.) in the distribution sense, choosing
From this and condition (F), it follows that
for every t, x ∈ R. By this inequality and (.), using the periodicity of u  (t, x) and (.), we have
Hence, we get that 
Now, using the additivity of fixed point index in cone K , by (.) and (.) we have that
Hence, A has a fixed-point in K ∩ (  \  ), which is a positive doubly periodic solution of Equation (.).
Proof of Theorem . Let  ,  ⊂ C(T  ) be defined by (.). We prove that the operator A defined by (.) has a fixed point in K ∩ (  \  ) when r is small enough and R large enough. Let r ∈ (, δ), where δ is the positive constant in condition (F), and choose e(t, x) ≡ . We prove that A satisfies the condition of Lemma . in K ∩ ∂  , namely u -Au = μe for every u ∈ K ∩ ∂  and μ ≥ . In fact, if there exist u  ∈ K ∩ ∂  and μ  ≥  such that u  -Au  = μ  e, since u  -μ  e = Au  = P(f (t, x, u  (t -τ  , x), . . . , u  (t -τ n , x))), by the definition of P and Lemma ., u  -μ  e ∈ C(T  ) satisfies the differential equation
In the definition of the solution of Equation (.) in the distribution sense, choosing φ(t, x) ≡  ∈ D(T  ), we get that for every t, x ∈ R. By this inequality and (.), we have
From this it follows that
